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ABSTRACT. – The present paper is devoted to study the asymptotic behaviour of the solutions of a
nonlinear pseudomonotone Dirichlet problem in a sequence of arbitrary varying domains. Our results
generalize the corresponding ones for monotone operators. The function a(x,u,∇u) which appears in the
definition of the operator is assumed to have an arbitrary growth in u. Thus, we consider renormalized
solutions, which are natural for this type of problems. Ó 2000 Éditions scientifiques et médicales Elsevier
SAS
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RÉSUMÉ. – On étudie dans cet article, le comportement asymptotique des solutions d’un problème de
Dirichlet pour un opérateur pseudomonotone dans des ouverts variables. Nos résultats généralisent ceux qui
étaient connus pour le cas monotone. La fonction a(x,u,∇u) qui apparait dans la définition de l’opérateur
est supposée avoir une croissance arbitraire dans la variable u. On considère donc le cadre des solutions
renormalisées qui est naturel pour ce type de problèmes. Ó 2000 Éditions scientifiques et médicales Elsevier
SAS
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1. Introduction
The homogenization of the problem:{−diva(x,∇un)= fn in Ωn,
un = 0 in ∂Ωn,(1.1)
where Ωn is a sequence of open sets contained in a fixed bounded open set Ω ⊂ RN and
a :Ω×RN 7→RN is a Carathéodory function which defines a monotone Leray–Lions operator of
order p > 1, has been considered in several papers (see, e.g., [13,19,20,16,17,23,24] for a(s, ξ)
linear in ξ , and [28,15,21,34,35,7,12,18] for a(s, ξ) nonlinear). In our knowledge, the more
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general result for this problem, (see [12]), establishes that if a(x, ξ) is Lipschitz continuous
and strongly monotone of order p > 1 in ξ , and if Ωn ⊂Ω is an arbitrary sequence of open sets,
there exist a subsequence still denoted by Ωn, a Borel measure µ vanishing on the sets of Cp-
capacity zero and a function F :Ω ×R 7→R such that: if fn ∈W−1,p′(Ω) converges strongly in
W−1,p′(Ω) to f , then the solutions un of (1.1) (extended by zero outside Ωn) converge weakly
in W 1,p0 (Ω) to the solution u of:
u ∈W 1,p0 (Ω)∩Lpµ(Ω),∫
Ω
a(x,∇u)∇v dx + ∫
Ω
F(x,u)v dµ= 〈f, v〉,
∀v ∈W 1,p0 (Ω)∩Lpµ(Ω),
(1.2)
or, assuming µ is a Radon measure,{−diva(x,∇u)+ F(x,u)µ= f in D′(Ω),
u= 0 in ∂Ω.(1.3)
Our purpose, in the present paper, is to generalize this result to the case of pseudomonotone
operators, i.e. to the problem:{−diva(x,un,∇un)= fn in Ωn,
un = 0 in ∂Ωn.(1.4)
Assuming a periodic structure for Ωn, the homogenization of (1.4) has been realized in [9].
When Ωn is general, our method is a generalization of the one used in [12] (see also [7]) for
the monotone problem. The main idea consists to use the results given in [21] for the case
a(s, ξ)= |ξ |p−2ξ (the p-Laplacian problem), in order to realize a comparison argument which
allows us to estimate the behaviour of ∇un in (1.4). In this way (see Theorem 4.12), we prove
that if fn converges strongly to f in W−1,p
′
(Ω), there exists H such that (a subsequence of) un
converges weakly in W 1,p0 (Ω) to a solution u of:
u ∈W 1,p0 (Ω)∩Lpµ(Ω),∫
Ω a(x,u,∇u)∇v dx +
∫
Ω Hv dµ= 〈f, v〉,
∀v ∈W 1,p0 (Ω)∩Lpµ(Ω).
(1.5)
Here, µ is the measure which appear in (1.2) when a(s, ξ) = |ξ |p−2ξ . The problem now is to
prove that there exists F :Ω × R 7→ R such that H = F(x,u). The estimates we use to prove
this result (see Section 5) are very different of the corresponding ones in the monotone case.
They are inspired by [8] and use truncation arguments. So, contrary to [12], our method cannot
be generalized to systems.
The hypotheses we make in the present paper for a(x, s, ξ) (see Section 2) allow an arbitrary
growth in the variable s and thus, we have preferred to consider the case of renormalized solutions
(see, e.g., [31,32,4,1], . . .) and not solutions in W 1,p0 (Ω). However, our results are new, in our
knowledge, even in the case of solutions in W 1,p0 (Ω).
The main result of the paper is the following one (see Theorem 6.4):
Assume that a satisfies conditions (i)–(vi) of Section 2 and that Ωn ⊂ Ω is an arbitrary
sequence of open sets. Then, there exist a subsequence of Ωn, still denoted by n, a nonnegative
Borel measure µ vanishing on the sets of Cp-capacity zero and a function F such that:
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If (un, fn) converges to (u,f ) in the sense of (H) (see Definition 4.1), then u satisfies:
∫
Ω a(x,u,∇u)∇zdx +
∫
Ω F(x,u)zdµ= 〈f,u〉,
∀z ∈W 1,p(Ω)∩L∞(Ω)∩Lpµ(Ω)
such that ∃k > 0 with z= 0 Cp-q.e. in
{|u|> k},(1.6)
i.e., u is a renormalized solution of:
−diva(x,u,∇u)+ F(x,u)µ= f in Ω.(1.7)
The function F satisfies conditions (6.10)–(6.13) and (6.14) (see Section 6). Our result permits
in particular (see Corollary 6.5) to pass to the limit in the problem:{−div(a(x,un,∇un)+ b(x,un))= B(x,un,∇un) in Ωn,
un = 0 Cp-q.e. in Ω \Ωn,
where b(x, s) and B(x, s, ξ) have an arbitrary growth in s and B(x, s, ξ) has a growth of order
p− ε (ε > 0) in ξ .
Section 7 is devoted to show that the term F(x,u)µ which appears in (1.7) can be determined
using the capacity for the operator −diva(x,u,∇u) defined in [10]. This generalizes the
corresponding result for the monotone problem proved in [18]. The proof is the same that in
the monotone case and thus, we do not reproduce it.
We complete this introduction by remarking that contraryly to the monotone problem, we
do not give in the present paper a corrector (i.e., an explicit approximation of ∇un in the strong
topology of Lp) for∇un, when un satisfies (1.4). Indeed, Remark 3.3 in [9] shows that we cannot
in general hope to obtain such a corrector result. Remark that the estimates in [12], showing that
H in (1.5) may be written as H = F(x,u), are precisely the estimates which allow one to prove
the corrector result. This is the main reason because the estimates used in the present paper in
order to prove that H = F(x,u) are very different of the ones used for the monotone problem.
2. Notation and preliminaries
We denote by Ω a fixed bounded open set in RN and by Ωn ⊂Ω a sequence of open sets. We
denote by U an arbitrary open subset of Ω .
For E ⊂Ω , we denote by χE the characteristic function of E ⊂ RN and by |E|, its Lebesgue
measure when E is measurable.
We denote byOn, On,m, . . . arbitrary sequences in R, which can change from a line to another
one, and which satisfy
lim
n→∞On = 0, limm→∞ lim supn→∞ |Om,n| = 0.
As usualD(U)= C∞c (U) denotes the space of C∞ functions with compact support in U . The
dual of D(U) is the space of distributions in U and it is denoted by D′(U).
Similarly W 1,p(U) denotes the usual Sobolev spaces in U . The closure in W1,p(U) of D(Ω)
is the space W 1,p0 (U). The elements of W
1,p
0 (U) are always assumed to be extended by zero
outside U and then to belong to W 1,p0 (Ω). The dual of W
1,p
0 (U) is denoted by W−1,p
′
(U).
W
1,p
c (U) denotes the space of functions in W1,p0 (U) with compact support in U .
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For E ⊂ Ω and p ∈ (1,+∞), we define the Cp-capacity of E (in Ω), and we denote it by
Cp(E), as the infimum of
∫
Ω
|∇u|p dx when u ∈W 1,p0 (Ω), u> 1 a.e. in a neighborhood of E.
We say that a property (P ) holds Cp-quasi everywhere (in short Cp-q.e.) on a subset E of Ω
if the set N of points of E such that (P ) does not hold has Cp-capacity zero.
A set E ⊂ RN is said to be Cp-quasi open if for every ε > 0, there exists A⊂Ω , such that
Cp(A) < ε and E ∪A is open.
A function u :Ω 7→ R is said to be Cp-quasi continuous if for every ε > 0, there exists
E ⊂Ω , with Cp(E) < ε sucht that u is continuous in Ω \ E. We recall that every function of
W 1,p(Ω) has a Cp-quasi continuous representative (see, e.g., [27,36,26]). We always consider
this representative for the elements of W 1,p(Ω).
M˜p0 (Ω) is the set of nonnegative Borel measures µ vanishing on the sets of zero Cp-capacity
and satisfying:
µ(B)= inf{µ(V ): V Cp-quasi open, B ⊂ V ⊂Ω}, ∀B ⊂Ω Borel set.(2.1)
Remark 2.1. – The set M˜p0 (Ω) has been introduced in [14]. It is slighty different from the set
Mp0 (Ω) where the condition (2.1) does not appear. It is well known that if µ is a Radon measure,
then µ belongs toMp0 (Ω) if and only if µ belongs to M˜p0 (Ω).
For λ > 0, the functions Tλ,Rλ : R 7→R are defined by:
Tλ(s)=
{
λ if s > λ,
s if −λ6 s 6 λ,
−λ if s <−λ,
Rλ(s)=

1 if |s|6 λ,
s+2λ
λ
if −2λ6 s <−λ,
2λ−s
λ
if λ6 s < 2λ,
0 if |s|> 2λ.
The function a :Ω×R×RN 7→RN which appears, in the homogenization problem (1.4) will
be assumed to satisfy the following properties for a constant p such that 1<p <+∞:
(i) The function a is a Carathéodory function, i.e. a(. , s, ξ) is measurable for every (s, ξ) ∈
R×RN , and a(x, . , .) is continuous for a.e. x ∈Ω ,
(ii)
(
a(x, s, ξ1)− a(x, s, ξ2)
)
(ξ1 − ξ2)>
{
α|ξ1 − ξ2|p if p > 2,
α
|ξ1−ξ2|2
(|ξ1|+|ξ2|)2−p if 1<p < 2,
∀s ∈R, ∀ξ1, ξ2 ∈RN, a.e. x ∈Ω,
(2.2)
where α > 0.
(iii)
a(x, s,0)= 0, ∀s ∈R, a.e. x ∈Ω.(2.3)
(iv) ∣∣a(x, s, ξ)∣∣6 β|ξ |p−1 + h(x, |s|), ∀(s, ξ) ∈R×RN, a.e. x ∈Ω,(2.4)
where β > 0 and h :Ω × [0,+∞) 7→ [0,+∞) satisfies: h(. , s) ∈ Lp′(Ω), for every
s ∈ [0,+∞), h(x, .) increasing for a.e. x ∈Ω .
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(v) ∣∣a(x, s1, ξ)− a(x, s2, ξ)∣∣6 γ |ξ |p−1|s1 − s2|ν + κ(x, |s1| + |s2|),
∀s1, s2 ∈R, ∀ξ ∈RN, a.e. x ∈Ω,
(2.5)
where 1/p¯′ < ν 6 1, and
p¯ =max{2,p},(2.6)
γ > 0, and κ :Ω × [0,+∞) 7→ [0,+∞) satisfies: κ(. , s) ∈ Lp′(Ω) for every s ∈
[0,+∞), κ(x, .) increasing for a.e. x ∈Ω .
(vi) ∣∣a(x, s, ξ1)− a(x, s, ξ2)∣∣6 η(|ξ1| + |ξ2|)p−1−σ |ξ1 − ξ2|σ + ζ (x, |s|),
∀s ∈R, ∀ξ1, ξ2 ∈RN, a.e. x ∈Ω,
(2.7)
where 0< σ 6min{1,p−1}, η > 0, and ζ :Ω×[0,+∞) 7→ [0,+∞) satisfies: ζ(. , s) ∈
Lp
′
(Ω) for every s ∈ [0,+∞), ζ(x, .) increasing for a.e. x ∈Ω .
Remark 2.2. – The hypothesis of monotonicity (2.2), for 1<p < 2, implies:
αp/2|ξ1 − ξ2|p =
(
α
|ξ1 − ξ2|2
(|ξ1| + |ξ2|)2−p
)p/2(|ξ1| + |ξ2|)(2−p)p/2
6
[(
a(x, s, ξ1)− a(x, s, ξ2)
)
(ξ1 − ξ2)
]p/2(|ξ1| + |ξ2|)(2−p)p/2,(2.8)
∀s ∈R, ∀ξ1, ξ2 ∈RN, a.e. x ∈Ω.
Notation 2.3. – Usually, in order to write shorter expressions, we do not specify the
dependence in x of a. For example, we write a(u,∇u) to mean a(x,u(x),∇u(x)).
Notation 2.4. – In the whole of the paper, we denote by C a generic positive constant which
can change from a line to another one and which depends only on N, p, α, β, γ and η. It does
not depend on the functions h, κ and ζ .
3. The p-Laplacian case
The homogenization of (1.4) when the operator is the p-Laplacian, i.e., when a is defined by
a(x, s, ξ)= |ξ |p−2ξ, ∀(s, ξ) ∈R×RN, a.e. x ∈Ω,
has been studied in several papers (cf. [28,15,21], . . .). In the present section we recall some
results related with this problem which appear in [21] (see also [12]), that we will need later.
DEFINITION 3.1. – We define wn as the solution of the problem (p > 1):{
−div(|∇wn|p−2∇wn)= 1 in D′(Ωn),
wn ∈W 1,p0 (Ωn).
(3.1)
The sequence wn is bounded in W 1,p0 (Ω) ∩ L∞(Ω) and satisfies wn > 0 Cp-q.e. in Ω . Thus,
extracting a subsequence if necessary, there exists a function w ∈ W 1,p0 (Ω) ∩ L∞(Ω), with
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w > 0 Cp-q.e. in Ω , such that wn converges to w weakly in W 1,p0 (Ω) and weakly-∗ in L∞(Ω).
The convergence is also strong in W 1,q0 (Ω), 16 q < p (see [21]).
There exists a measure µ ∈ M˜p0 (Ω) such that the function w satisfies (see [21]):
w ∈W 1,p0 (Ω)∩Lpµ(Ω),∫
Ω |∇w|p−2∇w∇zdx +
∫
Ω |w|p−2wzdµ=
∫
Ω zdx,
∀z ∈W 1,p0 (Ω)∩Lpµ(Ω).
(3.2)
Remark 3.2. – When µ is a Radon measure, the problem (3.2) may be written as:{
w ∈W 1,p0 (Ω)∩Lpµ(Ω),
−div(|∇w|p−2∇w)+ |w|p−2wµ= 1 in D′(Ω).
Remark 3.3. – We will assume in the whole of the present paper that the solution wn of (3.1)
converges weakly in W 1,p0 (Ω)to w. Remark that for an arbitrary sequenceΩn, this always holds
for a subsequence.
The properties we need about wn, w and µ are given in the following theorem (see [21,12]):
THEOREM 3.4. – Assume that the solution wn of (3.1) converges weakly in W 1,p(Ω) to a
function w and consider the measure µ defined in [21], such that (3.2) holds. The sequence wn,
the function w and the measure µ satisfy:
(i) For every Borel set B ⊂Ω with Cp(B ∩ {w= 0}) > 0, we have µ(B)=+∞.
(ii) Let U ⊂Ω be open. For every sequence un ∈W 1,p(U), with un = 0 Cp-q.e. in U \Ωn,
which converges weakly in W 1,p(U) to a function u ∈W 1,p(U), we have:{
u ∈ Lpµ(Ω),
lim infn→∞
∫
U |∇un|p dx >
∫
U |∇u|p dx +
∫
U |u|p dµ.
(3.3)
(iii) Let U ⊂Ω be open. For every ϕ,ψ ∈W 1,p(U) ∩ L∞(U) ∩ Lpµ(U), such that ϕ or ψ
belongs to W 1,p0 (U), we have:
lim
n→∞
∫
U
∣∣∇(wnψ)∣∣pϕ dx = ∫
U
∣∣∇(wψ)∣∣pϕ dx + ∫
U
|wψ|pϕ dµ,(3.4)
lim
n→∞
∫
U
∣∣∇[(wn −w)ψ]∣∣pϕ dx = ∫
U
|wψ|pϕ dµ.(3.5)
(iv) For every U ⊂Ω open, the set {wψ: ψ ∈D(U)} is dense in W 1,ploc (U) ∩ Lpµ(U) and in
W
1,p
0 (U)∩Lpµ(U).
(v) Let U ⊂ Ω be open. Assume u ∈W 1,p(U) and ψm ∈ D(U) such that wψm converges
strongly to u in W 1,ploc (U)∩Lpµ(Ω) when m tends to infinity; then
lim
m→∞ limn→∞
∫
U
∣∣∇(wnψm − u)∣∣pϕ dx = ∫
U
|u|pϕ dx, ∀ϕ ∈W 1,pc (U)∩L∞(U).(3.6)
Another interesting property of wn is given by the following proposition:
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PROPOSITION 3.5. – The sequence wn satisfies:
lim
n→∞
∫
{wn>w}
∣∣∇(wn −w)∣∣p dx = 0.(3.7)
Proof. – Taking wn −min{wn,w} as test function in (3.1) and then taking the limit in n, we
get
lim
n→∞
∫
{wn>w}
|∇wn|p−2∇wn∇(wn −w)dx = 0.
Using also
lim
n→∞
∫
{wn>w}
|∇w|p−2∇w∇(wn −w)dx = 0,
we deduce:
lim
n→∞
∫
{wn>w}
(|∇wn|p−2∇wn − |∇w|p−2∇w)∇(wn −w)dx = 0.
The strong monotony of the function ξ 7→ |ξ |p−2ξ implies then (3.7). 2
Remark 3.6. – The above result implies that the sequence min{wn,w} − wn converges
strongly to zero in W 1,p0 (Ω) and therefore that replacing wn by min{wn,w}, properties (i)–(v)
in Theorem 3.4 still hold. From now on, we denote by wn the sequence min{wn,w} and then,
properties (i)–(vi)
06wn 6w Cp-q.e. in Ω(3.8)
hold for wn, while (3.1) has to be replaced by:{
−div(|∇wn|p−2∇wn)→ 1 in W−1,p′(Ω),
wn ∈W 1,p0 (Ωn).
Although we do not use it in the following, we complete this section by remembering the roles
of wn, w and µ in the homogenization of (1.4) when the operator is the p-Laplacian (see [21,
16]).
THEOREM 3.7. – Let U ⊂Ω be open. Assume that un ∈W 1,p(U), with un = 0 Cp-q.e. in
U \Ωn, fn ∈W−1,p′(U),
−div(|∇un|p−2∇un)= fn in D′(U ∩Ωn),
and that there exist u ∈ W 1,p(U), f ∈ W−1,p′(U), such that un converges weakly to u in
W 1,p(U) and fn converges strongly to f in W−1,p
′
(U). Then u and f satisfy:
u ∈W 1,p(U) ∩Lpµ(U),∫
U |∇u|p−2∇u∇zdx +
∫
U |u|p−2uzdµ= 〈f, z〉,
∀z ∈W 1,p0 (U) ∩Lpµ(U).
(3.9)
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Moreover, if ψm ∈D(U) is such that wψm converges strongly in W 1,ploc (U) ∩ Lpµ(U) to u when
m tends to infinity, then
lim
m→∞ lim supn→∞
∫
K
∣∣∇(un −wnψm)∣∣p dx = 0, ∀K bU.(3.10)
Remark 3.8. – Equality (3.10) gives a corrector result (i.e. an explicit approximation) for
∇un. Assuming that the choice ψm = uw is possible, we deduce that un is close to uwnw in the
strong topology of W 1,ploc (Ω) or more precisely:
∇un −∇u− u
w
∇(wn −w)→ 0 in W 1,ploc (Ω).
Remark 3.9. – When µ is a Radon measure the problem (3.9) may be written as:{
u ∈W 1,p(U)∩Lpµ(U),
−div(|∇u|p−2∇u)+ |u|p−2uµ= f in D′(U).
4. The limit problem. A first result
This section is devoted to obtain some estimates about the behaviour of∇un, when un satisfies:{−diva(un,∇un)= fn in D′(Ωn),
un = 0 Cp-q.e. in Ω \Ωn.
Assuming that (un, fn) converges to (u,f ) in the sense (H), defined bellow, we obtain a first
result about the structure of the problem satisfied by u (see Theorem 4.12).
DEFINITION 4.1. – Assume U ⊂ Ω open. A sequence (un, fn) converges to (u,f ) in the
sense (H) in U if it satisfies:{
un,u :U 7→R are measurable,
Tk(un), Tk(u) ∈W 1,p(U), ∀k,n ∈N,(4.1)
un = 0 Cp-q.e. in U \Ωn,(4.2)
lim
k→∞ lim supn→∞
1
k
∫
{k<|un|<2k}
|∇un|p dx = 0,(4.3)
Tk(un)⇀ Tk(u) in W 1,p(U), ∀k ∈N,(4.4) 
fn = f˜n − divf ∗n , f˜nχ{|un|<k} ∈ L1(U), f ∗n χ{|un|<k} ∈ Lp′(U)N , ∀k ∈N,
f = f˜ − divf ∗, f˜ χ{|u|<k} ∈L1(U), f ∗χ{|u|<k} ∈ Lp′(U)N , ∀k ∈N,
f˜n, f
∗
n , f˜ , f
∗ are measurable,
(4.5)

〈fn, zn〉→ 〈f, z〉,
∀zn ∈W 1,p0 (U ∩Ωn)∩L∞(U ∩Ωn),
zn bounded in L∞(U), zn ⇀ z in W 1,p0 (U),
such that ∃k > 0 with zn = 0 Cp-q.e. in {|un|> k}, ∀n ∈N,
(4.6)
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∫
U
a(un,∇un)∇zdx = 〈fn, z〉,
∀z ∈W 1,p0 (U ∩Ωn)∩L∞(U ∩Ωn),
such that ∃k > 0 with z= 0 Cp-q.e. in {|u|> k}.
(4.7)
Sometimes, we write un converges to u in the sense (H) in U to mean there exist fn, f such
that (un, fn) converges to (u,f ) in the sense (H) in U .
Remark 4.2. – In (4.5), the operator div does not denote the divergence in the sense of
distributions. The functional divf ∗n (analogously divf ∗) is only defined for functions ϕ ∈
W
1,p
0 (U) such that there exists a constant k with ϕ = 0 a.e. in {|un| > k}. For such functions
we write: 〈−divf ∗n ,ϕ〉= ∫
U
f ∗n ∇ϕ dx.
If ϕ also belongs to L∞(U), we write:
〈fn,ϕ〉 =
∫
U
f˜nϕ dx +
∫
U
f ∗n ∇ϕ dx.
Remark 4.3. – The integral in the first member of (4.7) is well defined. Indeed, we have:∫
U
a(un,∇un)∇zdx =
∫
U
a
(
Tk(un),∇Tk(un)
)∇zdx,
where a(Tk(un),∇Tk(un)) ∈Lp′(U) by (4.1) and (2.4).
Remark 4.4. – By equation (4.7), we can say that un is a renormalized solution (cf. [31,32,4,
1], . . .)
−diva(un,∇un)= fn in U ∩Ωn.
However, our definition is not exactly the same of the definition of renormalized solution which
considers that z in (4.7) is such that ∇z = 0 (and not z = 0) on {|u|> k}. Both definitions are
equivalent is we assume that h in (2.4) satisfies:∣∣h(x, s)∣∣6C1 +C2|s|p−1, ∀(s, ξ) ∈R×RN, a.e. x ∈Ω,
with C1 and C2 constant, f˜n belongs to L1(Ω) and
lim
k→∞
1
k
∫
{k<|un|<2k}
|∇un|p dx = 0, ∀n ∈N.
The typical test function z for the variational equation (4.7) is:
z= S(un)ϕ,
S ∈W 1,∞(R) with compact support, ϕ ∈W 1,p0 (U)∩L∞(U),
S(0)= 0 or ϕ = 0 Cp-q.e. in U \Ωn.
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Remark 4.5. – If un :U 7→R is a sequence of measurable functions such that for every k ∈N,
the sequence Tk(un) is bounded in W 1,p(U), it is easy to see that there exists a measurable
function u such that, for a subsequence on n, Tk(un) converges weakly to Tk(u) in W 1,p(U).
The set {|u| = +∞} can have positive measure. If we also assume that u satisfies:
lim
k→∞
1
k
∫
{k<|u|<2k}
|∇u|p dx = 0(4.8)
and T1(u) ∈W 1,p0 (U), the theory of renormalized solutions shows
Cp
({|u| = +∞})= 0(4.9)
and, if p 6N (when p > N the homogenization of (1.4) is easy due to the compact injection of
W
1,p
0 (U) into C
0(U¯)) ∫
U
|∇u|q <+∞, ∀q < N(p − 1)
N − 1 .(4.10)
In fact, in order to prove (4.9) and (4.10), it is enough to ask to the left-hand side of (4.8) to be
bounded and T1(u) ∈W 1,p0 (U).
Remark 4.6. – In Definition 4.1 the model for fn is fn = B(x,un,∇un)−divb(x,un), where
B :U ×R×RN 7→R and b :U ×R 7→RN are Carathéodory functions satisfying:∣∣B(x, s, ξ)∣∣6C1(|s|)|ξ |p−ε +C2(x, |s|), ∀(s, ξ) ∈R×RN, a.e. x ∈U,(4.11) ∣∣b(x, s)∣∣6 C3(x, |s|), ∀s ∈R, a.e. x ∈U,(4.12)
where 0< ε 6 p, C1 is increasing, C2(. , s) belongs to L1(U) for every s ∈R, C3(. , s) belongs
to Lp
′
(U) for every s ∈R, and C2(x, .), C3(x, .) are increasing for a.e. x ∈ U . If we assume that
un and u satisfy (4.1)–(4.5) and (4.7) with this choice of fn, then, thanks to Lemma 4.8 bellow
(see Corollary 6.5), we also have condition (4.6) for f = B(x,u,∇u) − divb(x,un). Thus, to
pass to the limit in (4.7) when (un, fn) converges to (u,f ) in the sense (H) in U , contains a very
large class of nonlinear Dirichlet problems.
Remark 4.7. – In (4.5), we can also assume than f˜n and f˜ are measures vanishing on the sets
of Cp-capacity zero.
Let us start the study of the limit problem of (4.7) by obtaining some estimates for ∇un.
LEMMA 4.8. – Let U ⊂Ω be open. Assume a sequence (un, fn), which satisfies (4.1)–(4.6)
and let gn :U ∩Ωn 7→ R be measurable such that gnχ{|un|<k} is bounded in L1(U) for every
k ∈N. If (4.7) hold with fn replaced by fn + gn, then the sequence Tk(un) converges strongly to
Tk(u) in W 1,q(U), for every q with 16 q < p and every k ∈N.
Proof. – The proof is based on a paper of L. Boccardo and F. Murat ([5]). In the case of
systems, a similar result has been proved in [12], Proposition 5.4 (see also [22]).
For ε > 0 and ϕ ∈ D(U), ϕ > 0, we take (Tε(un − u) + Tε(u))Rk(un)ϕ as test function in
(4.7), with fn = fn + gn. We get:∫
{|un−u|<ε}
a(un,∇un)∇(un − u)Rk(un)ϕ dx +
∫
{|u|<ε}
a(un,∇un)∇uRk(un)ϕ dx
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+
∫
U
a(un,∇un)∇un
(
Tε(un − u)+ Tε(u)
)
R′k(un)ϕ dx
+
∫
U
a(un,∇un)∇ϕ
(
Tε(un − u)+ Tε(u)
)
Rk(un)dx
= 〈fn, (Tε(un − u)+ Tε(u))Rk(un)ϕ〉+ ∫
U
gn
(
Tε(un − u)+ Tε(u)
)
Rk(un)ϕ dx.
Since (4.6), (4.4) and (2.4) imply that:〈
fn,
(
Tε(un − u)+ Tε(u)
)
Rk(un)ϕ
〉= 〈f,Tε(u)Rk(u)ϕ〉+On,∫
{|un−u|<ε}
a(un,∇u)∇(un − u)Rk(un)ϕ dx =On,
we can write:∫
{|un−u|<ε}
(
a(un,∇un)− a(un,∇u)
)∇(un − u)Rk(un)ϕ dx
6
∫
{|u|<ε}
∣∣a(un,∇un)∣∣|∇u|Rk(un)ϕ dx + 2ε
k
∫
{k<|un|<2k}
∣∣a(un,∇un)∣∣|∇un|ϕ dx
+2ε
∫
U
∣∣a(un,∇un)∣∣|∇ϕ|Rk(un)dx + 〈f,Tε(u)Rk(u)ϕ〉+ 2ε ∫
{|un|<2k}
|gn|ϕ dx +On.
Thus, taking into account (4.4), (2.4), (2.2) and (2.9) we easily get:
lim
ε→0 lim supn→∞
∫
{|un−u|<ε}
∣∣∇(un − u)∣∣pRk(un)ϕ dx = 0, ∀k > 0.(4.13)
On the other hand, for every k > 0, every q with 1 6 q < p and every ϕ ∈ D(U) with
06 ϕ 6 1 we have:∫
U
∣∣∇(Tk(un)− Tk(u))∣∣q dx 6 ∫
{|un−u|<ε}
∣∣∇(Tk(un)− Tk(u))∣∣qϕ dx
+
∫
{|un−u|>ε}
∣∣∇(Tk(un)− Tk(u))∣∣qϕ dx
+
∫
U
∣∣∇(Tk(un)− Tk(u))∣∣q(1− ϕ)dx
6 |U |1−q/p
( ∫
{|un−u|<ε}
∣∣∇(Tk(un)− Tk(u))∣∣pϕ dx)p/q
+ ∣∣{|un − u|> ε}∣∣1−q/p( ∫
U
∣∣∇(Tk(un)− Tk(u))∣∣pϕ dx)p/q
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+
( ∫
U
(1− ϕ) pp−q dx
)1−q/p( ∫
U
∣∣∇(Tk(un)− Tk(u))∣∣p dx)q/p.
Taking into account in the first term of the left-hand side of this inequality the estimate:∫
{|un−u|<ε}
∣∣∇(Tk(un)− Tk(u))∣∣pϕ dx
6 2p−1
∫
{|un−u|<ε}
∣∣∇(un − u)∣∣pχ{|un|<k}ϕ dx
+2p−1
∫
{|un−u|<ε}
|∇u|p(χ{|un|<k} + χ{|u|<k})ϕ dx
6 2p−1
( ∫
{|un−u|<ε}
∣∣∇(un − u)∣∣pRk(un)ϕ dx + 2 ∫
{|un−u|<ε}
|∇Tk+ε(u)|pϕ dx
)
,
using (4.13) and taking the limit in n→∞ and then ε→ 0, we get
lim sup
n→∞
∫
U
∣∣∇(Tk(un)− Tk(u))∣∣q dx
6
( ∫
U
(1− ϕ) pp−q dx
)1−q/p
lim sup
n→∞
( ∫
U
∣∣∇(Tk(un)− Tk(u))∣∣p dx)p/q .
Letting ϕ tend to the characteristic function of U completes the proof of Lemma 4.8. 2
COROLLARY 4.9. – Let U ⊂Ω be open. Assume that un converges to u in the sense (H) in
U . Then, for every k > 0 we have:
a(un,∇un)χ{|un|<k}⇀a(u,∇u)χ{|u|<k} in Lp
′
(U),(4.14) (
a(un,∇un)− a
(
un,∇(un − u)
))
χ{|un|,|u|<k} → a(u,∇u)χ{|u|<k} in Lp
′
(U),(4.15) (|∇un|q − ∣∣∇(un − u)∣∣q)χ{|un|,|u|<k} → |∇u|qχ{|u|<k} in Lp/q(U) (∀q, 16 q 6 p).(4.16)
Proof. – Statement (4.14) easily follows from (2.4), (4.4) and Lemma 4.8. In order to prove
(4.15), we use (2.7); this gives∣∣a(un,∇un)− a(un,∇(un − u))∣∣χ{|un|,|u|<k}
6 η
(∣∣∇Tk(un)∣∣+ ∣∣∇(Tk(un)− Tk(u))∣∣)p−1−σ ∣∣∇Tk(u)∣∣σ + ζ(x, k),
where the left-hand side converges in measure to a(u,∇u)χ{|u|<k} tanks to Lemma 4.9. Since
the power p′ of the right-hand side is equiintegrable, we deduce (4.15). The proof of (4.16) is
analogous. 2
LEMMA 4.10. – Let U ⊂Ω be open. Assume that (un, fn) converges to (u,f ) in the sense
(H) in U . Then, for every ϕ ∈W 1,p0 (U)∩L∞(U) such that ϕ = 0 Cp-q.e. in {|u|>M} for some
M > 0, we have:
lim
n→∞
∫
{M<|un|<k}
|∇un|p ϕ dx = 0, ∀k >M.(4.17)
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Proof. – Clearly, it is not restrictive to assume ϕ > 0. For k >M , we define S : R 7→R by:
S(s)=

k−M if s > k,
s −M if k > s >M ,
0 if M > s >−M ,
s +M if −M > s >−k,
−k+M if −k > s.
For m ∈N, we take S(un)Rm(un)ϕ as test function in (4.7); this gives∫
{M<|un|<k}
a(un,∇un)∇un Rm(un)ϕ dx +
∫
U
a(un,∇un)∇un S(un)R′m(un)ϕ dx
+
∫
U
a(un,∇un)∇ϕ S(un)Rm(un)dx
= 〈fn,S(un)Rm(un)ϕ〉.(4.18)
By (4.14), (4.4), (2.4), (4.6) and (4.3) we get∣∣∣∣ ∫
U
a(un,∇un)∇un S(un)R′m(un)ϕ dx
∣∣∣∣
6 (k −M)
m
‖ϕ‖L∞(U)
∫
{m6|un|62m}
|∇un|p dx +On =Om,n,
∫
U
a(un,∇un)∇ϕ S(un)Rm(un)dx =On,
〈
fn,Sk(un)Rm(un)ϕ
〉=On.
Using in (4.18) the hypotheses (2.3), (2.2) and then the above estimates, we deduce (4.17). 2
LEMMA 4.11. – Let U ⊂Ω be open. Assume that (un, fn) converges to (u,f ) in the sense
(H) in U . Then, for every ϕ ∈ W 1,pc (U) ∩ L∞(U), ϕ > 0 Cp-q.e. in U , ϕ = 0 Cp-q.e. in
{|u|>M} for some M > 0, we have:
lim sup
n→∞
∫
{|un|<M}
∣∣∇(un − u)∣∣pϕ dx 6 C ∫
U
|u|pϕ dµ.(4.19)
Proof. – Let ϕ be as in the assumptions of Lemma 4.11. By Theorem 3.4(iv), there exists a
sequenceψm ∈D(U) such that wψm converges strongly to TM(u) inW 1,ploc (U)∩Lpµ(U). Taking
(un −wnψm)RM(un)ϕ as test function in (4.7) we get:∫
U
a(un,∇un)∇(un −wnψm)RM(un)ϕ dx +
∫
U
a(un,∇un)∇un (un −wnψm)R′M(un)ϕ dx
+
∫
U
a(un,∇un)∇ϕ(un −wnψm)RM(un)dx
= 〈fn, (un −wnψm)RM(un)ϕ〉.
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By (2.4), (4.17), (4.14) and (4.6) we have:∫
U
a(un,∇un)∇un R′M(un)(un −wnψm)ϕ dx =On, ∀m ∈N,
∫
U
a(un,∇un)∇ϕ(un −wnψm)RM(un)dx =Om,n,
〈
fn, (un −wnψm)RM(un)ϕ
〉=Om,n.
Using also (4.15) and (2.4), we get:∫
U
(
a
(
un,∇(un − u)
))∇(un − u)RM(un)ϕ dx
=
∫
U
a
(
un,∇(un − u)
)∇(wnψm − u)RM(un)ϕ dx +Om,n
6 β
∫
U
∣∣∇(un − u)∣∣p−1∣∣∇(wnψm − u)∣∣RM(un)ϕ dx +Om,n.
By (2.2), (2.3) and Young’s inequality, we deduce (4.19). 2
As for the monotone problem (see [7,12]), Lemmas 4.8 and 4.11 allow to obtain a first result
about the structure of the problem satisfied by the limit u in the sense (H) of a sequence un.
THEOREM 4.12. – Let U ⊂ Ω be open. Assume that (un, fn) converges in the sense (H)
to (u,f ) in U . Then there exits a µ-measurable function H :U 7→ R such that, for every
ϕ ∈W 1,p0 (U) ∩L∞(U)∩Lpµ(U), ϕ = 0 Cp-q.e. in {|u|>M} for some M > 0, we have:∫
U
a(u,∇u)∇ϕ dx +
∫
U
Hϕ dµ= 〈f,ϕ〉.(4.20)
The function H satisfies
|H |6 C|u|p−1 µ-a.e. in U,(4.21)
and it is defined by∫
U
Hwψ dµ= lim
n→∞
∫
{|un|6M}
a(un,∇un)∇(wn −w)ψ dx,
∀ψ ∈W 1,p0 (U)∩L∞(U), ψ = 0 Cp-q.e. in {|u|>M}.
(4.22)
Remark 4.13. – Indeed, (4.22) only gives the definition of H , where |u| is finite and w = 0.
From Theorem 3.4(i) and (ii), u is zero, Cp-q.e. on {w = 0}. So, (4.21) implies that H is zero
µ-a.e. on {w = 0}. The definition of H where {|u| = +∞} is not important in order to write
(4.20). If we assume that u belongs to W 1,p0 (U), the Cp-capacty of the set {|u| = +∞} is zero
by Remark 4.5.
Remark 4.14. – The three terms in (4.20) are well defined. For the first term we use:
a(u,∇u)∇ϕ = a(TM(u),∇TM(u)) ∈ L1(U).
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For the second term, estimate (4.21) and TM(u) ∈ Lpµ(U) imply
|Hϕ|6 C∣∣TM(u)∣∣p−1|ϕ| ∈L1(U).
For the third term, we have (see (4.5)):
〈f,ϕ〉 =
∫
U
f˜ χ{|un|<M}ϕ dx +
∫
U
f ∗χ{|un|<M}∇ϕ dx,
where f˜ χ{|un|<M}ϕ and f ∗χ{|un|<M}∇ϕ belong to L1(U).
Proof. – Forψ ∈W 1,p0 (U)∩L∞(U) andM > 0, we takewnψRM(u)R2M(un) as test function
in (4.7); we get:∫
U
a(un,∇un)∇
(
wψRM(u)
)
R2M(un)dx +
∫
U
a(un,∇un)∇
(
ψRM(u)
)
(wn −w)R2M(un)dx
+
∫
U
a(un,∇un)∇(wn −w)ψRM(u)R2M(un)dx
+
∫
U
a(un,∇un)∇unwnψRM(u)R′2M(un)dx
= 〈fn,wnψRM(u)R2M(un)〉.
(4.23)
In order to pass to the limit in (4.23), we use (4.14), Rellich–Kondrachov’s compactness theorem,
(4.17) and (4.6), obtaining:∫
U
a(un,∇un)∇
(
wψRM(u)
)
R2M(un)dx =
∫
U
a(u,∇u)∇(wψRM(u))dx +On,
∫
U
a(un,∇un)∇
(
ψRM(u)
)
(wn −w)R2M(un)dx =On,
∫
U
a(un,∇un)∇unwnψRM(un)R′2M(un)dx =On,
〈
fn,wnψRM(u)R2M(un)
〉= 〈f,wψRM(u)〉+On.
Thus, we get∫
U
a(u,∇u)∇(wψRM(u))dx + lim
n→∞
∫
U
a(un,∇un)∇(wn −w)ψRM(u)R2M(un)dx
= 〈f,wψRM(u)〉, ∀ψ ∈W 1,p0 (U)∩L∞(U).
(4.24)
Let us now characterize the limit in the second term of (4.24). For that, we use the fact that:
a(un,∇un)∇(wn −w)RM(u)R2M(un)
is bounded in L1(U) for every fixed M ∈ N. So there exists a sequence νM of Radon measures
in U such that:
a(un,∇un)∇(wn −w)RM(u)R2M(un)⇀ νM(4.25)
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in the ∗-weak sense of the measures when n tends to infinity. Assuming in (4.24) ψ continuous,
we get:∫
U
a(u,∇u)∇(wψRM(u))dx + ∫
U
ψ dνM =
〈
f,wψRM(u)
〉
, ∀ψ ∈W 1,p0 (U)∩C0(U¯ ).(4.26)
By (4.15), (2.4), Hölder’s inequality, (4.19) and (3.5), we get:∣∣∣∣∣
∫
U
ψ dνM
∣∣∣∣∣= limn→∞
∣∣∣∣∣
∫
U
a(un,∇un)∇(wn −w)RM(u)R2M(un)ψ dx
∣∣∣∣∣
6 lim sup
n→∞
β
∫
U
∣∣∇(un − u)∣∣p−1∣∣∇(wn −w)∣∣RM(u)R2M(un)ψ dx
6C
( ∫
U
|u|pRM(u)ψ dµ
)(p−1)/p( ∫
U
|w|pRM(u)ψ dµ
)1/p
,
for every ψ ∈W 1,pc (U) ∩ C0(U¯). An easy adaptation of the measure derivation theorem then
implies that there exists HM ∈ L1µ(Ω) such that:∫
U
ψ dνM =
∫
U
HMwψ dµ, ∀ψ ∈W 1,p0 (U)∩C0(U¯ )(4.27)
and
|HM |6 C|u|p−1RM(u) µ-a.e. in U.(4.28)
Taking into account (4.26), we get:∫
U
a(u,∇u)∇(wψRM(u))dx + ∫
U
HMwψ dµ=
〈
f,wψRM(u)
〉
, ∀ψ ∈W 1,p0 (U) ∩C0(U¯).
By density (see Theorem 3.4), we deduce that:∫
U
a(u,∇u)∇(zRM(u))dx + ∫
U
HMzdµ=
〈
f, zRM(u)
〉
, ∀z ∈W 1,p0 (U)∩L∞(U)∩Lpµ(U).
The functions HM clearly satisfy HM1 = HM2 µ-a.e. in {|u| 6 M1} when M2 > M1, so
defining H by:
H =
∞∑
M=1
HMχ{M−16|u|<M},
we obtain (4.20) and (4.21). Comparing (4.24) with (4.20), we also deduce:
lim
n→∞
∫
U
a(un,∇un)∇(wn −w)ψR2M(un)dx =
∫
U
Hwψ dµ,
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for any ψ ∈ W 1,p0 (U) ∩ L∞(U) with ψ = 0 Cp-q.e. in {|u| > M}. For such ψ , Lemma 4.10
implies
lim
n→∞
∫
{M6|un|64M}
|∇un|pψ = 0,
and so, from (2.4), we get:
lim
n→∞
∫
U
a(un,∇un)∇(wn −w)ψR2M(un)dx = lim
n→∞
∫
{|un|6M}
a(un,∇un)∇(wn −w)ψ dx.
This proves (4.22). 2
Theorem 4.12 shows thatH is dominated by |u|p−1. We complete this section by showing that
H behaves exactly as |u|p−1 and has the sign of u µ-a.e. in U .
PROPOSITION 4.15. – Let U ⊂Ω be open. Assume that (un, fn) converges to (u,f ) in the
sense (H) in U . Then, the function H defined in Theorem 4.12 satisfies:
Hu> α|u|p µ-a.e. in {|u|<+∞},(4.29)
where α is the constant which appears in (2.2).
Proof. – Consider ϕ ∈ W 1,p0 (U) ∩ L∞(U), ϕ > 0 Cp-q.e. in U , and ϕ = 0 Cp-q.e. in{|u|>M} for some M > 0. Taking RM(un)unϕ as test function in (4.7), we have:∫
U
a(un,∇un)∇un RM(un)ϕ dx +
∫
U
a(un,∇un)∇unR′M(un)unϕ dx
+
∫
U
a(un,∇un)∇ϕRM(un)un dx
= 〈fn,RM(un)unϕ〉.
Taking into account (2.4), (4.17) and (4.6), we deduce:∫
U
a(un,∇un)∇ununR′M(un)ϕ dx =On,
∫
U
a(un,∇un)∇ϕRM(un)un dx =
∫
U
a(u,∇u)∇ϕudx +On,
〈
fn,RM(un)unϕ
〉= 〈f,uϕ〉 +On.
Using also ∫
U
a(un,∇un)∇uRM(un)ϕ dx =
∫
U
a(u,∇u)∇uϕ dx +On,
we get: ∫
U
a(u,∇u)∇(uϕ)dx+
∫
U
a(un,∇un)∇(un − u)RM(un)ϕ dx = 〈f,uϕ〉 +On,
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which by (4.15) and (2.2) implies∫
U
a(u,∇u)∇(uϕ)dx+ α
∫
U
∣∣∇(un − u)∣∣pRM(un)ϕ dx 6 〈f,uϕ〉 +On.
Statements (4.16) and (3.3) give the following estimate for the second term on the left-hand side
of the above inequality:∫
U
∣∣∇(un − u)∣∣pRM(un)ϕ dx = ∫
U
|∇un|pRM(un)ϕ dx −
∫
U
|∇u|pϕ dx +On
>
∫
U
∣∣∇TM(un)∣∣pϕ dx − ∫
U
∣∣∇TM(u)∣∣pϕ dx +On
>
∫
U
|u|pϕ dµ+On.
So, we get ∫
U
a(u,∇u)∇(uϕ)dx+ α
∫
U
|u|pϕ dµ6 〈f,uϕ〉.(4.30)
On the other hand, taking uϕ as test function in (4.20), we also have:∫
U
a(u,∇u)∇(uϕ)dx +
∫
U
Huϕ dµ= 〈f,uϕ〉.
Comparing this equality with (4.30), we deduce:∫
U
Huϕ dµ> α
∫
U
|u|pϕ dµ,
for every ϕ ∈W 1,p0 (U)∩L∞(U), ϕ > 0 Cp-q.e. in U and ϕ = 0 Cp-q.e. in {|u|>M} for some
M > 0. This proves (4.29). 2
5. Dependence of H with respect to u
This section is devoted to the study of the behaviour of the function H defined in Theorem
4.12 with respect to the limit u of un. For this purpose, in the whole of the present section, we
make the following assumptions:
U ⊂Ω is an open set,(5.1)
(un, fn), (vn, gn) respectively converge in the sense (H) in U to (u,f ), (v, g),(5.2)
vn is bounded in L∞(Ω).(5.3)
The hypothesis (5.3) simplifies the exposition and is enough for our objective. In order to simplify
the notation, the differences un− vn and u− v will be respectively denoted by dn and d . We also
denote by H and G the functions defined by Theorem 4.12, which are therefore such that u,v
satisfy the variational equations:
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U
a(u,∇u)∇zdx +
∫
U
Hzdµ= 〈f, z〉,
∀z ∈W 1,p0 (U)∩Lpµ(U)∩L∞(U), z= 0 Cp-q.e. in {|u|>M} for some M > 0,
(5.4)
and ∫
U
a(v,∇v)∇zdx +
∫
U
Gzdµ= 〈g, z〉, ∀z ∈W 1,p0 (U)∩Lpµ(U)∩L∞(U).(5.5)
Our goal will be to estimate the difference of H and G. We start obtaining some estimates
for dn.
LEMMA 5.1. – Assume that un, vn, fn and gn satisfy (5.1)–(5.3). Then, for every ϕ ∈
W
1,p
c (U) ∩ L∞(U), ϕ > 0 Cp-q.e. in U and ϕ = 0 Cp-q.e. in {|d| > ε} for some ε > 0, we
have:
lim sup
n→∞
∫
{ε<|dn|<2ε}
|∇dn|pϕ dx 6 Cε
pν
p¯−1
∫
U
(|u| + |v|)pϕ dµ,(5.6)
lim sup
n→∞
∫
{ε<|dn|<2ε}
(
a(un,∇un)− a(un,∇vn)
)∇dnϕ dx 6 Cεp¯′ν ∫
U
(|u| + |v|)pϕ dµ.(5.7)
Remark 5.2. – To assume ϕ = 0 Cp-q.e. in {|d|> ε} implies
ϕ = 0 Cp-q.e. in
{|u|> ‖v‖L∞(Ω) + ε}.(5.8)
Proof. – For ε > 0, we define Sε : R 7→R by:
Sε(s)=
{0 if |s|6 ε,
s − ε sgn(s) if ε < |s|< 2ε,
ε sgn(s) if |s|> 2ε.
Then, for ϕ as in the assumptions of Lemma 5.1 and M = sup‖vn‖L∞(U) + 2ε, we take
Sε(dn)RM(un)ϕ as test function in the difference of the variational equations (4.7) satisfied by
un and vn. Taking into account that |dn|< 2ε implies |un|6M , we get:∫
{ε<|dn|<2ε}
(
a(un,∇un)− a(vn,∇vn)
)∇dnϕ dx
+
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇unSε(dn)R′M(un)ϕ dx
+
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇ϕSε(dn)RM(un)dx
= 〈fn − gn,Sε(dn)RM(un)ϕ〉.
(5.9)
By (4.17), (4.14) (applied to un and vn) and (4.6) (applied to fn and gn), we have:∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇unR′M(un)Sε(dn)ϕ dx =On,
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U
(
a(un,∇un)− a(vn,∇vn)
)∇ϕSε(dn)RM(un)dx =On,
〈
fn − gn,Sε(dn)RM(un)ϕ
〉=On.
So, (5.9), (7.1), the fact that χ{ε<|dn|<2ε}ϕ converges strongly to zero in Lp(U), and (4.16)
(applied to vn) imply: ∫
{ε<|dn|<2ε}
(
a(un,∇un)− a(un,∇vn)
)∇dnϕ dx
=
∫
{ε<|dn|<2ε}
(
a(un,∇vn)− a(vn,∇vn)
)∇dnϕ dx +On
6 Cεν
∫
{ε<|dn|<2ε}
|∇vn|p−1|∇dn|ϕ dx +On
= Cεν
∫
{ε<|dn|<2ε}
|∇(vn − v)
∣∣p−1∣∣∇dn|ϕ dx +On.
(5.10)
If p > 2, inequality (2.2), Young’s inequality and (4.19) (applied to vn) give∫
{ε<|dn|<2ε}
|∇dn|pϕ dx 6 Cεp′ν
∫
{ε<|dn|<2ε}
∣∣∇(vn − v)∣∣pϕ dx +On 6 Cεp′ν ∫
U
|v|pϕ dµ+On.
This proves (5.6) for p > 2.
If 1<p < 2, using (2.9), (4.16), Hölder’s inequality and (4.19) (applied to un and vn), we get:
αp/2
∫
{ε<|dn|<2ε}
|∇dn|pϕ dx
6On +
∫
{ε<|dn|<2ε}
[(
a(un,∇un)− a(un,∇vn)
)∇dn]p/2[∣∣∇(un − u)∣∣
+ ∣∣∇(vn − v)∣∣](2−p)p/2ϕ dx
6Cεpν/2
( ∫
{ε<|dn|<2ε}
∣∣∇(vn − v)∣∣p−1|∇dn|ϕ dx)p/2( ∫
U
(|u| + |v|)pϕ dx)(2−p)/2+On
6Cεpν/2
( ∫
{ε<|dn|<2ε}
|∇dn|pϕ dx
)1/2( ∫
U
(|u| + |v|)pϕ dx)1/2 +On.
Using Cauchy–Schwartz inequality in this estimate, we obtain (5.6) for 1<p < 2.
Returning to (5.10) and taking into account (5.6) and (4.19) (applied to vn), we ob-
tain (5.7). 2
LEMMA 5.3. – Assume that un, vn, fn and gn satisfy (5.1)–(5.3). For every ϕ ∈W1,pc (Ω)∩
L∞(U), ϕ > 0 Cp-q.e. in U and ϕ = 0 Cp-q.e. in {|d|> ε} for some ε > 0, we have:
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lim sup
n→∞
∫
U
∣∣∇(dn − d)∣∣pRε(dn)ϕ dx
6 Cε
pν
p¯−1
∫
U
(|u| + |v|)pϕ dµ+C( ∫
U
(|u| + |v|)pϕ dµ) p¯−1−σp¯−σ ( ∫
U
|d|pϕ dµ
) 1
p¯−σ
.
(5.11)
Proof. – We consider a sequenceψm ∈D(Ω) such thatwψm converges strongly inW 1,ploc (U)∩
Lp(U) to T2ε(d) (such a sequence exists by Theorem 3.4(i)). Then, for ϕ as in the assumptions
of Lemma 6.1 (recall that (5.8) holds), we take Rε(dn)(dn− T2ε(wnψm))ϕ as test function in the
difference of the variational equations (4.7) respectively satisfied by un and vn; we get
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇dnRε(dn)ϕ dx
= 〈fn − gn,Rε(dn)(dn − T2ε(wnψm))ϕ〉
+
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇(wnψm)T ′2ε(wnψm)Rε(dn)ϕ dx
−
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇dnR′ε(dn)(dn − T2ε(wnψm))ϕ dx
−
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇ϕRε(dn)(dn − T2ε(wnψm))dx,
where by (4.6) (applied to fn and gn) and (4.14) (applied to un and vn), the first and fourth term
in the right-hand side are equal to Om,n. We can thus write:
∫
U
(
a(un,∇un)− a(un,∇vn)
)∇(dn − d)Rε(dn)ϕ dx
=
∫
U
(
a(vn,∇vn)− a(un,∇vn)
)∇(dn − d)Rε(dn)ϕ dx
+
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇(wnψm − T2ε(d))T ′2ε(wnψm)Rε(dn)ϕ dx
+
∫
U
(
a(un,∇un)− a(vn,∇vn)
)(∇T2ε(d) T ′2ε(wnψm)−∇d)Rε(dn)ϕ dx
−
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇dnR′ε(dn)(dn − T2ε(wnψm))ϕ dx +Om,n.
(5.12)
Since (∇T2ε(d)T ′2ε(wnψm)−∇d)Rε(dn) converges strongly to zero in Lploc(U) when n and then
m tends to zero, the third term in the right-hand side of (5.12) is equal to Om,n. The continuity
properties (7.1) and (2.7) of a and Lemma 4.8 easily give:
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U
(
a(un,∇un)− a(un,∇vn)
)∇(dn − d)Rε(dn)ϕ dx
6 γ (2ε)ν
∫
U
|∇vn|p−1
∣∣∇(dn − d)∣∣Rε(dn)ϕ dx
+γ (2ε)ν
∫
U
|∇vn|p−1
∣∣∇(wnψm − T2ε(d))∣∣ϕ dx
+η
∫
U
(|∇un| + |∇vn|)p−1−σ |∇dn|σ ∣∣∇(wnψm − T2ε(d))∣∣Rε(dn)ϕ dx
+γ 2νεν−1
∫
{ε<|dn|<2ε}
|∇vn|p−1|∇dn|
∣∣dn − T2ε(wnψm)∣∣ϕ dx
+ 1
ε
∫
{ε<|dn|<2ε}
(
a(un,∇un)− a(un,∇vn)
)∇dn∣∣dn − T2ε(wnψm)∣∣ϕ dx.
(5.13)
Taking into account (4.16) (for un, vn and dn), (3.5), (4.19) (for un and vn), (5.6), (5.7),
|dn − T2ε(wnψm)|χ{ε<|dn|<2ε} 6 4ε a.e. in U , and Hölder’s inequality, we obtain the following
estimates for the different terms in the right-hand side of (5.13):
First term
γ (2ε)ν
∫
U
|∇vn|p−1
∣∣∇(dn − d)∣∣Rε(dn)ϕ dx
6 Cεν
( ∫
U
|v|pϕ dµ
)(p−1)/p( ∫
U
∣∣∇(dn − d)∣∣pRε(dn)ϕ dx)1/p +On.
Second term
γ (2ε)ν
∫
U
|∇vn|p−1
∣∣∇(wnψm − T2ε(d))∣∣ϕ dx
6 Cεν
( ∫
U
|v|pϕ dµ
)(p−1)/p(∫
U
|d|pϕ dµ
)1/p
+Om,n.
Third term
η
∫
U
(|∇un| + |∇vn|)p−1−σ |∇dn|σ ∣∣∇(wnψm − T2ε(d))∣∣Rε(dn)ϕ dx
6Om,n +C
( ∫
U
(|u| + |v|)pϕ dµ)(p−1−σ)/p( ∫
U
∣∣∇(dn − d)∣∣pRε(dn)ϕ dx)σ/p
×
( ∫
U
|d|pϕ dµ
)1/p
.
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Fourth term
γ 2νεν−1
∫
{ε<|dn|<2ε}
|∇vn|p−1|∇dn|
∣∣dn − T2ε(wnψm)∣∣ϕ dx 6 Cεp¯′ν ∫
U
|v|pϕ dµ+Om,n.
Fifth term
1
ε
∫
{ε<|dn|<2ε}
(
a(un,∇un)− a(un,∇vn)
)∇dn∣∣dn − T2ε(wnψm)∣∣ϕ dx
6Cεp¯′ν
∫
U
|v|pϕ dµ+Om,n.
In the left-hand side of (5.13) we use (4.15) and(
a(un,∇vn)− a
(
un,∇(vn − v)
))
Rε(dn)→ a(u,∇v)Rε(u) in Lp′(U)N ,
which can be proved analogously; this implies∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇(dn − d)Rε(dn)ϕ dx
=
∫
U
(
a
(
un,∇(un − u)
)− a(vn,∇(vn − v)))∇(dn − d)Rε(dn)ϕ dx.
If p > 2, inequality (2.2) gives:
α
∫
U
∣∣∇(dn − d)∣∣pRε(dn)ϕ dx 6 ∫
U
(
a(un,∇un)− a(un,∇vn)
)∇(dn − d)Rε(dn)ϕ dx +On.
If 1 < p < 2, inequality (2.9), Hölder’s inequality, (4.16) and (4.19) (applied to un and vn)
imply:
αp/2
∫
U
∣∣∇(dn − d)∣∣pRε(dn)ϕ dx
6
( ∫
U
(
a
(
un,∇(un − u)
)− a(vn,∇(vn − v)))∇(dn − d)Rε(dn)ϕ dx)p/2
×
( ∫
U
(∣∣∇(un − u)∣∣+ ∣∣∇(vn − v)∣∣)pRε(dn)ϕ dx)(2−p)/2+On
6C
( ∫
U
(
a
(
un,∇(un − u)
)− a(vn,∇(vn − v)))∇(dn − d)Rε(dn)ϕ dx)p/2
×
( ∫
U
(|u| + |v|)pϕ dµ)(2−p)/2+On.
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Using the estimates obtained for the different terms which appear in (5.13) and Young’s
inequality, we get:
lim sup
n→∞
∫
U
∣∣∇(dn − d)∣∣pRε(dn)ϕ dx
6 Cεpν/(p¯−1)
∫
U
(|u| + |v|)pϕ dµ
+Cεpν/p¯
( ∫
U
(|u| + |v|)pϕ dµ)(p¯−1)/p¯( ∫
U
|d|pϕ dµ
)1/p¯
+C
( ∫
U
(|u| + |v|)pϕ dµ)(p¯−1−σ)/(p¯−σ)( ∫
U
|d|pϕ dµ
)1/(p¯−σ)
.
Since
εpν/p¯
( ∫
U
(|u| + |v|)pϕ dµ)(p¯−1)/p¯( ∫
U
|d|pϕ dµ
)1/p¯
6 Cεpν/(p¯−1)
∫
U
(|u| + |v|)pϕ dµ+C ∫
U
|d|pϕ dµ
6 Cεpν/(p¯−1)
∫
U
(|u| + |v|)pϕ dµ+C( ∫
U
(|u| + |v|)pϕ dµ)(p¯−1−σ)/(p¯−σ)
×
( ∫
U
|d|pϕ dµ
)1/(p¯−σ)
,
we deduce (5.11). 2
LEMMA 5.4. – Assume that un, vn, fn and gn satisfy (5.1)–(5.3), and letM = ‖v‖L∞(U)+ε.
Then, for every ϕ ∈W 1,pc (U)∩L∞(U), ϕ = 0 Cp-q.e. in {|d|> ε}, we have:∣∣∣∣∣
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇(wn −w)(1−Rε(dn))RM(un)ϕ dx
∣∣∣∣∣
6 Cεp¯′ν−1
∫
U
(|u| + |v|)pw|ϕ|dµ+On.(5.14)
Proof. – For ϕ as in the assumptions of Lemma 5.4, we take (1−Rε(dn))RM(un)wnϕ as test
function in the difference of the variational equations (4.7) respectively satisfied by un and vn;
this gives
−
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇dnR′ε(dn)RM(un)wnϕ dx
+
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇un(1−Rε(dn))R′M(un)wnϕ dx
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+
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇wn(1−Rε(dn))RM(un)ϕ dx
+
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇ϕ(1−Rε(dn))RM(un)wn dx
= 〈fn − gn, (1−Rε(dn))RM(un)wnϕ〉,
where (4.17), (4.14) (applied to un and vn), and (4.6) (applied to fn and gn) imply:∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇un(1−Rε(dn))R′M(un)wnϕ dx =On,
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇ϕ(1−Rε(dn))RM(un)wn dx =On,
〈
fn − gn,
(
1−Rε(dn)
)
RM(un)wnϕ
〉=On.
Therefore, (7.1), (4.16), (3.8), (4.19) (applied to vn), (5.6), and (5.7) give:∣∣∣∣∣
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇wn(1−Rε(dn))RM(un)ϕ dx
∣∣∣∣∣
6 γ 2νεν−1
∫
{ε<|dn|<2ε}
|∇vn|p−1|∇dn|w|ϕ|dx
+ ε−1
∫
{ε<|dn|<2ε}
(
a(un,∇un)− a(un,∇vn)
)∇dnw|ϕ|dx +On
6 Cεp¯′ν−1
∫
U
|v|pwϕ dµ+On.
In order to prove (5.14) it is then enough to remark that∫ (
a(un,∇un)− a(vn,∇vn)
)∇w(1−Rε(dn))RM(un)ϕ =On,
which follows from (4.15) (applied to un and vn). 2
LEMMA 5.5. – Assume that un, vn, fn and gn satisfy (5.1)–(5.3). Then, for every ϕ ∈
W
1,p
c (Ω)∩L∞(U), ϕ = 0 Cp-q.e. in {|d|> ε} for some ε with 0< ε < 1 we have:∣∣∣∣∣
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇(wn −w)Rε(dn)ϕ dx
∣∣∣∣∣
6 C
( ∫
U
(|u| + |v|)p|ϕ|dµ
)1− p¯
p(p¯−σ)( ∫
U
|d|p|ϕ|dµ
) σ
p(p¯−σ)( ∫
U
wp|ϕ|dµ
)1/p
(5.15)
+Cεσν/(p¯−1)
( ∫
U
(|u| + |v|)p|ϕ|dµ)(p−1)/p( ∫
U
wp |ϕ|dµ
)1/p
+On.
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Proof. – By (7.1), (2.7), the fact that∇wn converges in measure to ∇w andRε(dn)= 0 Cp-q.e.
in {|un|> sup‖vn‖L∞(U) + 2ε}, we get:∣∣∣∣∣
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇(wn −w)Rε(dn)ϕ dx
∣∣∣∣∣
6 γ εν
∫
U
|∇vn|p−1
∣∣∇(wn −w)∣∣|ϕ|dx
+η
∫
U
(|∇un| + |∇vn|)p−1−σ |∇dn|σ ∣∣∇(wn −w)∣∣Rε(dn)|ϕ|dx +On.
Using now (4.16) (applied to un, vn and dn), Hölder’s inequality, (3.5), (4.19), (5.11), ε < 1 and
σν
p¯− 1 6 ν,
we get (5.15). 2
LEMMA 5.6. – Assume that un, vn, fn and gn satisfy (5.1)–(5.3). Then, for every ϕ ∈
W
1,p
0 (U)∩L∞(U), ϕ = 0 Cp-q.e. in {|u|>M}, for some M > 0, we have:
lim
n→∞
∫
U
|∇vn|p
(
1−RM(un)
)
ϕ dx = 0.(5.16)
Proof. – Taking vn(1−RM(un))ϕ as test function in the variational equation (4.7) satisfied by
vn, we obtain:∫
U
a(vn,∇vn)∇vn
(
1−RM(un)
)
ϕ dx −
∫
U
a(vn,∇vn)∇un R′M(un)ϕ dx
+
∫
U
a(vn,∇vn)∇ϕvn
(
1−RM(un)
)
ϕ dx
= 〈gn, vn(1−RM(un))ϕ〉.
(5.17)
By (4.17), (4.16) and (4.6), the three last terms in (5.17), tend to zero when n tend to infinity. So,
(2.2) and (2.3) imply (5.16). 2
Lemmas 5.4, 5.5 and 5.17 finally give the following Hölder estimate for |H −G|.
LEMMA 5.7. – The functions H and G defined by (5.4), (5.5) satisfy
|H −G| 6 C|u− v|p¯′ν−1(|u| + |v|)p +C|u− v| σνp¯−1 (|u| + |v|)p−1
+C|u− v| σp¯−σ (|u| + |v|)p− p¯p¯−σ µ-a.e. in U.(5.18)
Proof. – From (4.22), for every ϕ ∈W 1,p0 (U)∩L∞(U), ϕ = 0 Cp-q.e. in {|u|>M} for some
M > 0, we have: ∫
U
Hwϕ dµ=
∫
{|un|6M}
a(un,∇un)∇(wn −w)ϕ dx +On,
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U
Gwϕ dµ=
∫
U
a(vn,∇vn)∇(wn −w)ϕ dx +On.
Assume ϕ ∈ W 1,pc (Ω) ∩ L∞(U), ϕ = 0 Cp-q.e. in {|d| > ε} for some ε > 0. Taking M =
supn{‖vn‖L∞(U)} + 2ε and using (4.17) and (5.16), we have:∫
{|un|6M}
a(un,∇un)∇(wn −w)ϕ dx =
∫
U
a(un,∇un)∇(wn −w)RM(un)ϕ dx +On
=
∫
U
a(un,∇un)∇(wn −w)
(
1−Rε(dn)
)
RM(un)ϕ dx
+
∫
U
a(un,∇un)∇(wn −w)Rε(dn)ϕ dx +On,
and ∫
U
a(vn,∇vn)∇(wn −w)ϕ dx =
∫
U
a(vn,∇vn)∇(wn −w)RM(un)ϕ dx +On
=
∫
U
a(vn,∇vn)∇(wn −w)
(
1−Rε(dn)
)
RM(un)ϕ dx
+
∫
U
a(vn,∇vn)∇(wn −w)Rε(dn)ϕ dx +On.
Lemmas 5.4 and 5.5 then imply:∣∣∣∣∣
∫
U
(H −G)wϕ dµ
∣∣∣∣∣ 6 Cεp¯′ν−1
( ∫
U
(|u| + |v|)pw|ϕ|dµ)
+C
( ∫
U
(|u| + |v|)p|ϕ|dµ)1− p¯p(p¯−σ)( ∫
U
|d|p|ϕ|dµ
) σ
p(p¯−σ)
×
( ∫
U
wp |ϕ|dµ
)1/p
+Cε σνp¯−1
( ∫
U
(|u| + |v|)p|ϕ|dµ)(p−1)/p( ∫
U
wp|ϕ|dµ
)1/p
,
(5.19)
for every ϕ ∈W 1,pc (Ω)∩L∞(U), ϕ = 0 Cp-q.e. in {|d|> ε} for some ε with 0< ε < 1.
For 0< ε < 1, the set {|d|< ε} isCp-quasi open. Therefore there exists an increasing sequence
θk ∈ W 1,p(U) ∩ L∞(U) which converges Cp-q.e. in U to χ{|d |<ε}. Substituting ϕ by θkϕ in
(5.20), with ϕ ∈W 1,pc (Ω)∩L∞(U), and taking the limit in k we get:
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∫
{|d |<ε}
(H −G)wϕ dµ
∣∣∣∣∣ 6 Cεp¯′ν−1
( ∫
{|d |<ε}
(|u| + |v|)pw|ϕ|dµ)
+Cε σνp¯−1
( ∫
{|d |<ε}
(|u| + |v|)p|ϕ|dµ)(p−1)/p( ∫
{|d |<ε}
wp|ϕ|dµ
)1/p
+C
( ∫
{|d |<ε}
(|u| + |v|)p|ϕ|dµ)1− p¯p(p¯−σ)( ∫
{|d |<ε}
|d|p|ϕ|dµ
) σ
p(p¯−σ)
×
( ∫
{|d |<ε}
wp |ϕ|dµ
)1/p
,
(5.20)
for every ϕ ∈ W 1,pc (U) ∩ Lpµ(U). The derivation measure theorem and H = G = 0 µ-a.e. in
{w= 0} (see Remark 4.13) then imply
|H −G|6 Cεp¯′ν−1(|u| + |v|)p +Cε σνp¯−1 (|u| + |v|)p−1 +Cε σp¯−σ (|u| + |v|)p− p¯p¯−σ ,
µ-a.e. in {|d|< ε} for 0< ε < 1; this implies that
|H −G|6 C|d|p¯′ν−1(|u| + |v|)p +C|d| σνp¯−1 (|u| + |v|)p−1
+C|d| σp¯−σ (|u| + |v|)p− p¯p¯−σ µ-a.e. in U
holds µ-a.e. in {|d|< 1}, but inequality (4.21) (applied to H and G) also gives
|H −G|6 C|d| σνp¯−1 (|u| + |v|)p−1
µ-a.e. in {|d|> 1} and so, estimate (5.18) holds µ-a.e. in U . 2
Let us finish this section proving the monotonicity of H with respect to u.
LEMMA 5.8. – The functions H and G defined by (5.4), (5.5) satisfy
(H −G)(u− v)> 0 µ-a.e. in U ∩ {|u|<+∞}.(5.21)
Proof. – For 0 < ε < 1 and ϕ ∈ W1,pc (U) ∩ L∞(U) ∩ Lpµ(U), ϕ = 0 Cp-q.e. in {|u| > M}
for some M > sup‖vn‖L∞(U) + 1, we take Tε(dn)RM(un)ϕ as test function in the difference
of the variational equations (4.7) respectively satisfied by un and vn. Taking into account
T ′ε(dn)RM(un)= T ′ε(dn), we get:∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇dnT ′ε(dn)ϕ dx
+
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇unTε(dn)R′M(un)ϕ dx
+
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇ϕTε(dn)RM(un)dx
= 〈fn − gn,Tε(dn)RM(un)ϕ〉.
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From (4.14) (applied to un and vn), (4.17), and (4.6) (applied to fn and gn), we have:∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇unTε(dn)R′M(un)ϕ dx =On,
∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇ϕ Tε(dn)RM(un)dx
=
∫
U
(
a(u,∇u)− a(v,∇vn)
)∇ϕTε(d)dx +On,
〈
fn − gn,Tε(dn)RM(un)ϕ
〉= 〈f − g,Tε(d)ϕ〉+On.
Using also∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇dT ′ε(dn)ϕ dx = ∫
U
(
a(u,∇u)− a(v,∇v))∇dT ′ε(d)ϕ dx +On,
we get: ∫
U
(
a(un,∇un)− a(vn,∇vn)
)∇(dn − d)T ′ε(dn)ϕ dx
+
∫
U
(
a(u,∇u)− a(v,∇v))∇(Tε(d)ϕ)dx
= 〈f − g,Tε(d)ϕ〉+On.
(5.22)
On the other hand, taking Tε(d)ϕ as test function in the difference of (5.4) and (5.5), we have:∫
U
(
a(u,∇u)− a(v,∇v))∇(Tε(d)ϕ)dx + ∫
U
(H −G)Tε(d)ϕ dµ=
〈
f − g,Tε(d)ϕ
〉
.(5.23)
Comparing (5.22) and (5.23) and taking into account (4.15) (applied to un and vn), we get:∫
{|dn|<ε}
(
a
(
un,∇(un − u)
)− a(un,∇(vn − v)))∇(dn − d)ϕ dx
=
∫
{|dn|<ε}
(
a
(
un,∇(vn − v)
)− a(vn,∇(vn − v)))∇(dn − d)ϕ dx
+
∫
U
(H −G)Tε(d)ϕ dµ+On
6 γ εν
∫
{|dn|<ε}
∣∣∇(vn − v)∣∣p−1∣∣∇(dn − d)∣∣ϕ dx + ∫
U
(H −G)Tε(d)ϕ dµ+On.
If p > 2, using (2.2), Young’s inequality, (4.19) (applied to vn), and then dividing by ε, we
get:
06 α
2ε
∫
{|dn|<ε}
∣∣∇(dn − d)∣∣pϕ dx
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6
∫
U
(H −G)Tε(d)
ε
ϕ dµ+Cεp′ν−1
∫
U
|v|pϕ dx +On.
If 1 < p < 2, using (2.9), Hölder’s inequality, Young’s inequality, (4.19) (applied to un and
vn) and then dividing by ε, we get:
06 α
2ε
( ∫
{|dn|<ε}
∣∣∇(dn − d)∣∣pϕ dx)2/p
6 γ
2ε2ν−1
2α
( ∫
U
(|u| + |v|)pϕ dµ)2/p
+
( ∫
U
(|u| + |v|)pϕ dµ)(2−p)/p( ∫
U
(H −G)Tε(d)
ε
ϕ dµ
)
.
Since ϕ belongs to Lpµ(U) and is zero Cp-q.e. in {|u|>M}, estimate (4.21) (applied to H and
G) implies that (H −G) sgn(d)ϕ belongs to L1µ(U), so for ε converging to zero, we can apply
Lebesgue dominated convergence theorem to obtain:
06
{∫
U
(H −G) sgn(d)ϕ dµ if p > 2,( ∫
U
(|u| + |v|)pϕ dµ)(2−p)/p( ∫
U
(H −G) sgn(d)ϕ dµ) if 1<p < 2,
for every ϕ ∈ W 1,pc (U) ∩ L∞(U) ∩ Lpµ(U), ϕ = 0 Cp-q.e. in {|u| > M} for some M >
sup‖vn‖L∞(U) + 1. Since H =G= 0 when u= v = 0, this inequality implies (5.21). 2
6. The homogenization result
Lemma 5.7 implies that for µ-a.e. x ∈ U , the function H defined in Theorem 4.12 depends
only on the value of u(x), i.e. that there exists a function F such that H(x)= F(x,u(x)) µ-a.e.
in U . However, this function is only defined on the pairs (x, s) ∈Ω×R, such that s = u(x) for a
function u which is the limit in the sense (H) of some sequence un. In this section we will prove
(Theorem 6.2) that the set of such (x, s) is (in some sense) dense. This will permit us to construct
F and, taking into account Theorem 4.12, to perform the homogenization of (1.4).
We start with the following easy proposition which shows, for f bounded, the existence of a
solution for the problem:{−diva(u,∇u)+ k|u|p−2u= f in D′(Ω),
u ∈W 1,p0 (Ω)∩L∞(Ω),
(6.1)
with k > 0.
PROPOSITION 6.1. – For every f ∈ L∞(Ω), there exists a unique solution u of (6.1). This
solution satisfies
‖u‖L∞(Ω) 6
(‖f ‖L∞(Ω)
k
)1/(p−1)
.(6.2)
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Proof. – For f in L∞(Ω), we define M as
M =
(‖f ‖L∞(Ω)
k
)1/(p−1)
and aM :Ω ×R×RN 7→RN as
aM(x, s, ξ)= a
(
x,TM(s), ξ
)
, ∀(s, ξ) ∈R×RN, a.e. x ∈Ω.
The operator
u ∈W 1,p0 (Ω) 7→ −divaM(u,∇u) ∈W−1,p
′
(Ω)
is pseudomonotone (see [29,30]), and the theory of pseudomonotone operators implies there
exists a unique (see [3]) solution u of the problem:{−divaM(u,∇u)+ k|u|p−2u= f in D′(Ω),
u ∈W 1,p0 (Ω).
(6.3)
It is well known that this solution belongs to L∞(Ω) and satisfies (6.2). Therefore TM(u)= u,
and u is a solution of (6.1).
Observe that the usual proof which shows that every solution of (6.3) satisfies (6.2), proves
that every solution of (6.1) satisfies (6.2). 2
THEOREM 6.2. – There exists a subsequence of n, still denoted by n, such that for any q ∈Q
we have:
For every k ∈N, there exists a solution qk,n of the problem:{
−diva(qk,n,∇qk,n)+ k
(|qk,n|p−2qk,n − |qwn|p−2q)= 0 in D′(Ωn),
qk,n = 0 in W 1,p0 (Ωn)∩L∞(Ω)
(6.4)
and there exists qk ∈W 1,p0 (Ωn)∩L∞(Ω)∩Lpµ(Ω) such that:
qk,n ⇀ qk, weakly in W 1,p0 (Ω) and weakly-∗ in L∞(Ω), when n→∞,(6.5)
qk→ qw strongly in W 1,p(Ω), weakly-∗ in L∞(Ω) and weakly in Lpµ(Ω),(6.6)
for the whole sequence k→∞.
Moreover, there exist Qk and Q in Lp
′
µ (Ω) such that:{∫
Ω
a(qk,∇qk)∇zdx + k
∫
Ω
(|qk|p−2qk − |qw|p−2qw)zdx + ∫Ω Qkzdµ= 0,
∀z ∈W 1,p0 (Ωn) ∩Lpµ(Ω),
(6.7)
and
Qk→Q weakly in Lp′µ (Ω) and µ-a.e. for a subsequence in k→∞.(6.8)
Proof. – The result is similar to Theorem 6.1 in [12] and thus, we only give an outline of the
proof.
By Proposition 6.1 and (3.8), we deduce
‖qk,n‖L∞(Ω) 6 ‖w‖L∞(Ω)|q|.
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Using then qk,n − qwn as test function in (6.4), we deduce there exists C¯ > 0, which does not
depend on n, k, q such that
‖qk,n‖W 1,p0 (Ω) 6 C¯|q|.
So, for every k ∈N, there exists a subsequence of n and qk ∈W 1,p0 (Ω)∩L∞(Ω)∩Lpµ(Ω) such
that (6.5) holds. By a diagonal procedure, we can assume that the subsequence of n does not
depend on k ∈ N and q ∈ Q. The existence of Qk ∈ Lp′(Ω) satisfying (6.7) is deduced from
Theorem 4.12.
Thanks to (3.3), qk is bounded inW 1,p0 (Ω)∩L∞(Ω)∩Lpµ(Ω). Taking qk−wq as test function
in (6.7), we also deduce that k1/p(qk − wq) is bounded in Lp(Ω). Therefore, qk converges
to qw, weakly in W 1,p0 (Ω) ∩ Lpµ(Ω) and weakly-∗ in L∞(Ω). By (an easy adaptation of)
Proposition 3.5 in [11], qk also converges to qw in µ-measure. Reasoning then as in [12] we
obtain (6.6).
Estimates (4.21) and (5.18) (applied to H =Qk1 and G=Qk2 , k1, k2 ∈N) give the existence
of Q satisfying (6.8). 2
We are now in a position to define F :Ω × R 7→ R such that H in Theorem 4.12 satisfies
H(x)= F(x,u(x)), µ-a.e. in U .
DEFINITION 6.3. – For every q ∈Q, we define
F˜ (x, q)=Q(x) µ-a.e. x ∈Ω,
where Q ∈ Lp′µ (Ω) is defined in Theorem 6.2. Estimates (4.21), (4.29), (5.18) and (5.21) easily
imply: ∣∣F˜ (x, q)∣∣6C∣∣qw(x)∣∣p−1, ∀q ∈Q, µ-a.e. x ∈Ω,
F˜ (x, q)qw> α|qw|p, ∀q ∈Q, µ-a.e. x ∈Ω,
∣∣F˜ (x, q1)− F˜ (x, q2)∣∣6C|q1 − q2|p¯′ν−1(|q1| + |q2|)pw(x)p¯′ν−1+p
+C|q1 − q2|
σν
p¯−1
(|q1| + |q2|)p−1w(x) σνp¯−1+p−1
+C|q1 − q2|
σ
p¯−σ
(|q1| + |q2|)p− p¯p¯−σ w(x)p−1,
∀q1, q2 ∈Q, µ-a.e. x ∈Ω,(
F˜ (x, q1)− F˜ (x, q2)
)
(q1 − q2)> 0, ∀q1, q2 ∈Q, µ-a.e. x ∈Ω.
These inequalities permite to extend F˜ to Ω ×R by density. Then, we define F :Ω ×R 7→R by
F(x, s)=
{
F˜ (x, s
w(x)
) if w(x) 6= 0,
0 if w(x)= 0, µ-a.e. in Ω.(6.9)
This function satisfies:
F(. , s) is µ-measurable, ∀s ∈R,(6.10) ∣∣F(x, s)∣∣6 C|s|p−1, ∀s ∈R, µ-a.e. x ∈Ω,(6.11)
F(x, s)s > α|s|p, ∀s ∈R, µ-a.e. x ∈Ω ∩ {w > 0},(6.12)
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∣∣F(x, s1)− F(x, s2)∣∣ 6 C|s1 − s2|p¯′ν−1(|s1| + |s2|)p
+C|s1 − s2|
σν
p¯−1
(|s1| + |s2|)p−1 +C|s1 − s2| σp¯−σ (|s1| + |s2|)p− p¯p¯−σ ,
∀s1, s2 ∈R, µ-a.e. x ∈Ω,
(6.13)
(
F(x, s1)− F(x, s2)
)
(s1 − s2)> 0, ∀s1, s2 ∈R, µ-a.e. x ∈Ω.(6.14)
Using the function F defined in Definition 6.3 we have now the following homogenization
theorem which is the main result of the present paper.
THEOREM 6.4. – Denote by n the subsequence of n defined in Theorem 6.2 and by F the
function defined in Definition 6.3. Let U ⊂Ω be open and (un, fn) converges to (u,f ) in the
sense of (H) in U . Then u and f satisfy the following variational equation:
∫
U
a(u,∇u)∇zdx + ∫
U
F(x,u)zdµ= 〈f, z〉,
∀z ∈W 1,p(Ω)∩L∞(Ω)∩Lpµ(Ω)
such that z= 0 Cp-q.e. in {|u|>M} for some M > 0.
(6.15)
Proof. – By Theorem 4.12, there exists H :U 7→R µ-measurable such that (4.20) holds.
Consider q ∈Q and k ∈ N. Since qk,n in Theorem 6.2 converges to qk in the sense of (H) in
Ω (thus in U ) and is bounded in W 1,p(Ω)∩L∞(Ω), inequality (5.18) holds with G=Qk (see
Theorem 6.2) and v = qk . Taking the limit in k in this inequality, we get:∣∣H − F(x,wq)∣∣6 C|u−wq|p′ν−1(|u| + |wq|)p
+C|u−wq| σνp−1 (|u| + |wq|)p−1 +C|u−wq| σp−σ (|u| + |wq|)p(p−1−σ)p−σ ,
µ-a.e. in U . By the definition of F (see Definition 6.3), this inequality, which holds for q ∈Q, is
still true when we replace q ∈Q by s ∈R. Taking then a sequence of step functions u˜l , such that
wu˜l converges to u µ-a.e. in U , we get:∣∣H − F(x,wu˜l)∣∣6C|u−wu˜l |p′ν−1(|u| + |wu˜l |)p
+C|u−wu˜l |
σν
p−1
(|u| + |wu˜l |)p−1 +C|u−wu˜l | σp−σ (|u| + |wu˜l |) p(p−1−σ)p−σ ,
µ-a.e. in U . Taking the limit in l in this inequality, we conclude that H = F(x,u). 2
As an application of Theorem 6.4, we have:
COROLLARY 6.5. – Let U ⊂Ω be open and B and b two Carathéodory functions B :U ×
R × RN 7→ R, b :Ω × R 7→ RN , such that (4.11) and (4.12) are satisfied. Consider the
subsequence of n defined in Theorem 6.2, the function F defined in Definition 6.3 and un :U 7→
R, such that:
un is measurable,
Tk(un) ∈W 1,p(U), ∀k ∈N,
Tk(un) is bounded in W 1,p(U), ∀k ∈N,
un = 0 Cp-q.e. in U \Ωn,
lim
k→∞ lim supn→∞
1
k
∫
{k6|un|62k}
|∇un|p dx = 0,
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∫
U
[
a(un,∇un)+ b(x,u,n)
]∇zdx = ∫U B(x,un,∇un)zdx,
∀z ∈W 1,p0 (U ∩Ωn)∩L∞(U ∩Ωn)
such that ∃k > 0 with z= 0 Cp-q.e. in
{|un|> k}.
Then, if there exists u :U 7→R, such that (a subsequence of) un satisfies
Tk(un)⇀ Tk(u) in W 1,p(U), ∀k ∈N,
we have: 
∫
U
[
a(u,∇u)+ b(x,u)]∇zdx + ∫
U
F(x,u)zdµ= ∫
U
B(x,u,∇u)zdx,
∀z ∈W 1,p(Ω)∩L∞(Ω)∩Lpµ(Ω)
such that z= 0 Cp-q.e. in
{|u|>M} for some M > 0.(6.16)
Remark 6.6. – The functions un and u are respectively renormalized solutions of
−div[a(un,∇un)+ b(x,un)]= B(x,un,∇un) in U ∩Ωn
and
−div[a(u,∇u)+ b(x,u)]+ F(x,u)µ= B(x,u,∇u) in U.
Proof. – By Rellich Kondrachov’s compactness theorem, we can apply Lemma 4.8 with
fn = divb(x,un) and gn = B(x,un,∇un) to deduce that Tk(un) converges strongly to Tk(u)
in W 1,q(U) for 16 q < p. It is then easy to check that fn and f defined by:
fn = f˜n − divf ∗n , f = f˜ − divf,
with
f˜n = B(x,un,∇un), f ∗n =−b(x,un), f˜ = B(x,u,∇u), f ∗ = −b(x,u),
are such that (un, fn) converges to (u,f ) in the sense of (H) in U . Thus, it is enough to use
Theorem 6.4 to conclude that (6.16) holds. 2
7. A characterization using the capacity
Analogously to [18], we characterize in this section the limit problem of (1.4) in terms of the
capacity relative to the operator A defined by Au=−diva(u,∇u). The proofs are very similar
to those of [18] and thus, we limit ourselves to present the results without proof. In order to
use the results about capacity for pseudomonotone problems established in [10], we need in this
section to replace hypothesis (v) (7.1) on a by:
(v)′ ∣∣a(x, s1, ξ)− a(x, s2, ξ)∣∣6 (γ |ξ |p−1 + κ(x, |s1| + |s2|))|s1 − s2|ν,
∀s1, s2 ∈R, ∀ξ ∈RN, a.e. x ∈Ω,(7.1)
where 1/p¯′ < ν 6 1, γ > 0 and κ :Ω × [0,+∞) 7→ [0,+∞) satisfies: κ(. , s) ∈ Lp′(Ω)
for every s ∈ [0,+∞), κ(x, .) increasing for a.e. x ∈Ω .
In order to define the capacity relative to the operatorA, we first need the following definition
of potential:
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DEFINITION 7.1. – Let B bΩ be a Borel set and s ∈R. A function u ∈W1,p(Ω)∩L∞(Ω)
is called a CA-potential of B (in Ω) relative to s, if it satisfies:
u= 0 Cp-q.e. in B, u− s ∈W 1,p0 (Ω),∫
Ω a(u,∇u)∇v dx = 0,
∀v ∈W 1,p0 (Ω), v = 0 Cp-q.e. in B.
(7.2)
Remark 7.2. – The existence of a CA-potential u (which is not unique in general) has been
proved in [10]. In fact, we can further assume that u satisfies
s 6 u6 0 Cp-q.e. in Ω if s 6 0,
06 u6 s Cp-q.e. in Ω if s > 0.
Remark 7.3. – Assuming in Definition 7.1 that B is compact, (7.2) may be written as:{
u= 0 Cp-q.e. in B, u− s ∈W 1,p0 (Ω),−diva(u,∇u)= 0 in D′(Ω \B).
DEFINITION 7.4. – Let B bΩ be a Borel set and s ∈R. We define the CA-capacity of B (in
Ω) relative to A and s by
CA(B, s)=
∫
Ω
a(u,∇u)∇udx,(7.3)
where u is a CA-potential of B in Ω relative to s.
Remark 7.5. – Although the solution of (7.2) is not unique in general, it has been proved in
[10] that CA(B, s) defined by (7.3) does not depend on the choice of the CA-potential u.
Remark 7.6. – When A is monotone, i.e. when a(x, s, ξ) does not depend on s, the capacity
relative to the operator A has been introduced in [25]. In this paper, the CA potential uˆ of B
relative to s is assumed to satisfy the boundary conditions:
uˆ= s Cp-q.e. in B, uˆ ∈W 1,p0 (Ω),
so that uˆ= s−u for u defined by (7.2) We have preferred to change this definition of the potential
because our choice simplifies the expressions characterizing the limit problem of (1.4) in terms
of the capacity. When A is the p-Laplacian, i.e. when
a(x, s, ξ)= |ξ |p−2ξ, ∀(s, ξ) ∈R×RN, a.e. x ∈Ω,
both definitions of the A capacity coincide with the one of the usual Cp-capacity.
The properties of the capacity relative to the operator A are given by the following theorem.
This result is proved in [10] (see also [25] for the monotone case):
THEOREM 7.7. – The capacity relative to the operatorA satisfy the following properties:
(a) For every Borel set B bΩ and every s ∈R, we have:
α|s|pCp(B)6 CA(B, s)6
(
βp
αp−1
Cp(B)+
∥∥h(. , |s|)∥∥
Lp
′
(Ω\B)Cp(B)
1/p
)
|s|p.
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(b) For every Borel sets B1 ⊂ B2 bΩ , we have
CA(B1, s)6CA(B2, s).
(c) For every increasing sequence of Borel sets Bk , with
⋃
k Bk bΩ we have
CA
(⋃
k
Bk, s
)
= lim
k
CA(Bk, s).
(d) For every decreasing sequence of Borel sets Bk , with B1 bΩ we have
CA
(⋂
k
Bk, s
)
= lim
k
CA(Bk, s).
(e) For every sequence of Borel sets Bk , with
⋃
k Bk bΩ we have
CA
(⋃
k
Bk, s
)
6
∑
k
CA(Bk, s).
(f) For every Borel set B bΩ we have
CA(B, s)= inf
{
CA(U, s): U bΩ, Cp-quasi open
}
.
(g) For every Borel set B bΩ , the function
s ∈R 7→
{ 1
s
CA(B, s) if s 6= 0,
0 if s = 0
is increasing and continuous.
Using Theorems 6.4 and 7.7 and reasoning as in [18], we can now prove the following result:
THEOREM 7.8. – Assume that for every open sets U b V bΩ and every s ∈R, we have
lim sup
n
CA(U \Ωn, s)6 lim inf
n
CA(V \Ωn, s).(7.4)
For every s ∈R, we consider an increasing set function ζ˜ (. , s), satisfying
lim sup
n
CA(U \Ωn, s)6 ζ˜ (V , s)6 lim inf
n
CA(W \Ωn, s),
for every open sets U b V bW bΩ . The regularized version ζ(. , s) of ζ˜ (. , s) is the countably
subadditive function defined by:
ζ(U, s)= sup{ζ˜ (V , s): V bU open}, ∀U ⊂Ω open,
ζ(B, s)= inf{ζ(U, s): B ⊂U ⊂Ω, Uopen set}, ∀B ⊂Ω Borel set.
We now define the Borel measure ν(. , s) by
ν(B, s)= sup
∑
i∈I
ζ(Bi, s),
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where the supremum is taken over all finite partitions Bi of B .
Then the measure µˆ defined by µˆ(B)= ν(B,1) belongs to M˜p0 (Ω) and there exists a function
F̂ :Ω ×R 7→R such that:(i) ∫
B
F̂ (x, s)dµˆ= 1
s
ν(B, s), ∀s ∈R, ∀B ⊂Ω Borel set.
(ii) The function F̂ and the measure µˆ satisfy the properties (6.10)–(6.14) (with F and µ
replaced by F̂ and µˆ).
(iii) The measure µˆ and the function F̂ satisfy Theorem 6.4 (with F and µ replaced by F̂ and
µˆ).
Remark 7.9. – For a sequence of open sets Ωn contained in Ω , the subsequence of n defined
in Definition 6.3 satisfies (7.4) (see [18], Theorem 7.3).
Remark 7.10. – In order to prove the analogue of Theorem 7.7 in the monotone case (see [18],
Theorem 7.4), G. Dal Maso, A. Garroni and I.V. Skrypnik define a capacity relative to the
operatorA, to a measure µ ∈ M˜p0 (Ω) and to a function b :Ω×R 7→R. They then prove that this
capacity satisfies properties analogue to those of the capacity CA defined in the present paper.
This can also be easily done following the ideas which allow one to prove Theorem 7.7 (see
[10]).
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